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According to a well-known result of S. N. Bernstein [1, p. 124] (1 — x)'/2
can be approximated uniformly on [0, 1] by polynomials of degree <n
with an error roughly 0.282/2(21/2) n. On the other hand it is obvious that
(1 — x)'/2 cannot be approximated uniformly on [0, 1] arbitrarily closely by
real polynomials having only nonnegative coefficients. Now it is natural
to ask whether one can approximate (I — x)'/2 on [0, 1] arbitrarily closely
by rational functions having only real nonnegative coefficients. In this
connection we prove here

THEOREM 1. Foralln > 2
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Proof. 1t is well known that

(1—x)12 = i (zkk)(%c)k and k2 (zkk) < 4%
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(1 _ x)1/2 <4 ( Iog n )1/2.
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Hence, for 0 <x < (n —2logn) n,
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The last inequality follows, e.g., by applying log(l — ) < ~ttot = 2n'logn.
On the other hand, for x > (n — 2 log n)/n,
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since

2 (a2 = lrag) — 2, (O
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Hence the result.

THEOREM 2. For real polynomials p(x), q(x) of degrees at most n = 12,
having only nonnegative coefficients,
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Then
andon 0 < x < (n — )/n,
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It is easy to verify that
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From (1) and (5),
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The desired conclusion follows from (3) and (6).
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